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Static configurations of gravitating dusty plasmas
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Plasma and dust are key ingredients of the universe, and in larger astrophysical systems the gravitational and
electrostatic forces can become comparable, thus prompting a careful revision of stationary configurations of
self-gravitating dusty plasmas. An overview of some physically acceptable models is given, with applications
to relevant structures in space and astrophysical plasmas. For those cases where explicit solutions can be
obtained, the scales over which the system is inhomogeneous are of the order of the Jeans lengths, determined
in the usual way by studying local perturbations of a uniform equilibrium.
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[. INTRODUCTION seldom be tested posteriori because knowledge about the
true equilibrium is lacking!

In this paper results are combined from two physical do- In certain dusty plasmas the gravitational effects can be-
mains, dusty plasma physics and self-gravitation of extendedome large enough to matter in the full description, hence the
mass distributions. One of the main constituents of the unineed for a careful discussion of possible stationary states in
verse is dust, a loose term that covers particles that are larghisty plasmas with self-gravitation. This results in a signifi-
compared to atoms and ionized nuclei and with compositionsant modification of collective modes and in new stability
that can greatly vary with the astrophysical context. Theconditions. Many approximations occur in dealing with the
presence ofneutra) dust has been known for a long time low frequencies at which the dust manifests itself, with the
from remote astronomical observations, as for the dussmall gravitational effects between charged dust particles and
around and between stas—3]. Successful space missions with the correct balance between electromagnetic and gravi-
to planets and comets have brought compelling evidence fdational forces[7]. It is thus necessary to treat dusty self-
the necessity of charged dust, however, as grains immerseptavitational plasmas with great care, as we specifically pro-
in ambient plasmas and radiative environments become elepose to do here for some stationary states with Cartesian
trically charged by a variety of processes, the most simpl@ne-dimensional symmetry, without mass flows.
ones being Capture of p|asma electrons and ions or photoion- Our paper is structured as follows. We first discuss in Sec.
ization. Further discussions about the many fascinating prog! static and stationary states of a single charged fluid in the
erties of dusty plasmas can be found in recent revigyg  ideal magnetohydrodynami¢VHD) approximation, before
and bookgd6—-8], and in the references contained therein. tUning in Sec. Il to a multispecies plasma, together with

Extended systems of mass particles have originally beefftdications about the scale lengths on which the system var-
studied as neutral, uncharged matter, for which electroma es. Mpre .specmc comments about how to trgnsllate t.h's In-
netic effects need not be considered. Contrary to electroma ormation in the case of a usual dusty plasma IS given |n.Sec.
netic forces, gravitation is always attractive and cannot ba" It turns out that for those cases where explicit solutions

shielded, so that gravitational collapse of large regions with o be obtained, the inhomogeneity length scales are of the

o S order of the Jeans lengths, and we give in Sec. V a feeling for
distributed masses is inevitable, unless counteracted by th g g 9

| agitati lsion d h | e orders of magnitude for interstellar dust clouds. Finally,
mal agitation or repulsion due to other causes. In most Cases;, ~onclusions are recalled in Sec. VI.

a truly homogeneous equilibrium is not possible, and the
determination of self-consistent but nonhomogeneous sta-
tionary configurations remains in many cases a vexing prob-
lem[9-12]. The inherent difficulty of finding self-consistent
solutions is sometimes circumvented by studying only local Because there are already so many possibilities to discuss
perturbations, whose wavelengths are small compared to thetationary states of neutral gases, we will start with the sim-
inhomogeneity scale lengths. The resulting instability haglest extension to charged fluids, whereby all particles are
been studied in the astrophysical literature for a centuryconsidered together in a nonrelativistic MHD description
since Jeans obtained in 1902 the criterion that now bears higithout dissipation. It is worth recalling that ideal MHD is
name, predicting the size of extended mass systems that withe simplest, internally self-consistent description of charged
gravitationally collapse. This approach starts from an unperfluids[14]. All charge separation disappears, and elimination
turbed gaseous cloud that is initially supposed to be comef the electric field leaves us with the reduced set of ideal
pletely uniform[13]. In itself, there is nothing wrong with  MHD equations of continuity, induction and momentum,
this procedure, were it not that the locality condition canaugmented here by the gravitational Poisson’s equation,

II. MAGNETOHYDRODYNAMIC DESCRIPTION
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d 1 1
E+U-V u+—-Vp+Vy=——-(VXB)XB,
P fop For Cartesian one-dimensional systems this becomes
V2y=4nGp. 1
lﬂ mop () d2p0 dPO 2 47TG,B iy
. _ po—— +(y=2) 4z T Cvira Po =0. (5
Here p, u, andp refer to the charged fluid mass density, dz z v(1+B)

velocity, and pressure, respective/to the magnetic induc- , o 2 .

tion, ¢ to the self-gravitational potentia3 is the gravita- Or the isothermal case, with=1 andC=c; representing

tional andu, the vacuum magnetic permeability constant. the sound speed squared, an analytical solution ta®ds
In this section we review static, Cartesian one-€asily obtained. For physical reasons we search for densities

dimensional models. There are many others that might bBaving an extremum a=0, where the gravitational force

considered and are mathematically admissible, but not ofanishes. This leads to

equal physical interest. Flows will be left out of the descrip- _ R

. SETEST . o . 7)= z

tion, because it is difficult to envisage a realistic Cartesian Po(2)= poosechi(z/hms), ©)

one-dimensional astrophysical situation to which this mightynere the typical scale length,, is defined by)\ﬁqs:(Vf\
apply. Indeed, if mass would flow in one direction, there+20§)/4wGp00=(Vf\+2c§)/w§d, poo is the density at the

V.VOUId b‘? depletion or a source at one end ano_l an accumul%nter of the cloud, and theentra) Jeans frequency ;4 is
tion or sink at the other, and this cannot be stationary. For th iven throughwz —47Gp
Jd— 00-

same reason flows with spherical symmetry would lead to We note that the inhomogeneity scale length is closely

total p|le-up or depletion at _the center of symmetry. More'related to the Jeans length for magnetosonic modes, obtained
OVEr, In spher!cally symmetric states magnetlc_flelds Cannoftrom linear stability analysis in a homogeneous medium
be included, since these would break the spherical symmetrg

in view of Gauss law. How these results can be extended t 16]. hence the subs_cn_pm:s to charac.tenze this typical
a?angth. Nevertheless, it is worth repeating that we have not

used the Jeans swindle, because the present treatment is fully
compatible with all equilibrium constraints. Whether it is a
coincidence or not that the inhomogeneity and the Jeans
lengths are very similar in structure and of the same order
remains food for thought or further investigation.

Turning now to the magnetic field strength, we obtain

the dusty plasmas that we have in mind as our ultimate go
will be discussed in Sec. IV.

Extending our preliminary resul{d5] in the absence of
flows, the equation of motion from Edl) reduces in the
stationary stated-/dt=0) to

BS
Pot 210

v

1
TroVio= (BoV)Bo. (2 Bo(2) =BooSectiz/\ ), @)

Subscripts 0 refer to the stationary stateBjfhas a compo- asV is aZCO”Star;t and the central field strenBi is given

nent in the direction of the gradients in E€®), then the throughBgo=ioVapoo- _ o _

whole equilibrium field is strictly constant everywhere and _ FOr general values of we find the implicit solution of

consequently disappears from the description. Otherwise, tHed- (5 as

right-hand side of Eq(2) vanishes but the gradient ﬁg y—2

remains on the left-hand side. Since the latter is a more gen- fl rdr - E i_

eral picture, we will continue with it. polpoe N1—r1? Y Ams
To relate the information obtained so far to Poisson’s

gravitational law, we need to introduce some hypothesedhis has been numerically investigated, for different values

about the pressure and about the magnetic field. We take@f v, as illustrated in Fig. 1.

polytropic pressure, wheng,=Cpd, with y the polytropic For all values ofy>1 such models turn out to be well

index, and assume the magnetic field to vary in such a wap€ehaved but of finite extert,,,, determined from

that the ratioB of the plasma pressure to the magnetic pres- .

sure B2/2u, remains constant. In this model the Alfve fl rrodr 2 Zyg

speedV, is constant, and both the magnetic field and plasma 0 J1—-r? Y Ams

pressures are stronger in denser regions. This is rather real-

istic and may occur in highly conductive plasmas with This might be an indication that fragmentation could occur,

frozen-in magnetic fieldgl5]. The magnetohydrostatic equi- but this interesting suggestion warrants further investigation

librium balance equation thus reduces to outside the scope of the present paper. Moreover, the density

®

(€)
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d 1
2y XB= —E+ —
c°VXB g E oo ; Nn,q.Uq

1
V.-E=—> n.d., (12)

€0 a

wheregg is the vacuum dielectric constant.

To close the set of basic equations, we need to assume
something about the pressure behavior. For simplicity we
restrict ourselves to barotropic pressures, where the pressure
of each species depends only on its denpityn,), which
includes polytropic and isothermal pressures. Neutral gases
can be included by simply turning off the charges for the
relevant constituents.

The basic equationd0) indicate that for stationary states
without flows the magnetic field decouples from the other
physical quantities, and has a vector potential that is a har-

FIG. 1. Density distributions vs distance from the central loca-monic function. Hence, although a stationary magnetic field
tion for various values of. is possible it need not be dealt with at this stage, since it does

not influence the basic configuration. Furthermore, the equi-
fall-off near the maximum central value is then so abrupt thatibrium electric field is electrostatic and derivable from an
local acceptable perturbations would have to be on smaklectrostatic potentiap. The basic set of equations reduces
scales that are not compatible with the usual Jeans approadab.
To the contrary, models withy<<1 have an unphysical tem-
perature behavior that increases outwardly from the center 1
without bounds. n_aOVpa(WL 92V @0+ M,V =0,

At the end of this section, we point out that the isothermal
model is the only infinite one to possess a finite mass per unit 1
cross-section, 2,,¢00. The models withy>1 have a finite V2 + — 2 Nyo0,=0,
extent and are per force of finite mass per unit cross section. €0 a

1. MULTIFLUID CONFIGURATIONS V2o=47G D N oM, , (13)
[e3

Our eventual aim is a study of self-gravitation in dusty
plasmas, for which a multispecies description is neededand it is through the relation between pressures and densities
Given the long scales involved in gravitational problems thathat the set is closed. Taking as in Sec. Il a polytropic pres-

are basically macroscopic in nature, we can use a multifluidyrep ,=C_n"<, wherey, is the polytropic index for spe-

. . . . . a0’
approach. The basic equations per species with lablel-  ¢jes o, gives for generic values o, # 1 after one integra-
clude the continuity and momentum equati¢rs

tion a Bernoulli type result

d

—n.+V-(n.u :0, Ca7a -1 -1

SNt V- (NaUs) S 1N NG )+ daotMato=0. (19
i+ua~V u,+ Vpa:&(EJruax B)— V. Densitiesn,qo have been specified as constant values at
ot n,M, m, some reference location, preferably at the center of the cloud

(100 where, e.g., the gravitational force vanishes and both poten-
tials ¢ and ¢y reach an extremum, rescaled as 0. For iso-

Here Ny, Uy, Pa O, andm, now refer to the number Jhermal constituents witly, =1, Eq.(14) is replaced by

density, fluid velocity, pressure, charge, and mass of the r

spective constituents. In addition, there is the gravitational n
a0

Poisson’s equation kT, In _— +0,90+ M, =0, (15)
a00
V2¢:4WG§I; NaMg (1) where « is Boltzmann's constant andl,, the species tem-
perature. Pursuing the isothermal case further, the density
and the electric fiel& andB obey Maxwell’'s equations can easily be expressed in terms of the potentials,
J n.a=n exd — qa¢0+ma¢0 (16)
VXE+ ﬁB=O, 0~ Na00 —KTa .
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Two coupled Poisson’s equations remain to be solved for the p(e%)
otentials Neo=Nego ©XP —= |
p e0 €00 KTe
2
w ama qa(PO+ ma(/lo
VZ = — Lex% -, €po
#o % Ja KTa Njo=Njgo€X __T . (20)
Klj
5 2 Jo®ot Myihg On the other hand, the charged dust is treated as monodis-
Vo= w3, exp — ————|. a7 . .
o @ kT, perse, all grains having average chagge- —Z4e and mass
my, whereZ, is the charge number in absolute value.
The respective plasmaw(,,) and Jeansd;,) frequencies It is tempting to assume charge neutrality to be almost
have been defined by usingi,, SO0 that wfm perfect at all location§17,18, so that the two coupled Pois-

=N,400%/ oM, and w3,=4wGn M, , respectively. One SON's equationg1?) can be treated in a different way. Fol-

has to be very careful by not automatically defining, e_g_,lowmg briefly this line of thought, the electrostatic Poisson’s

wp, N terms ofn o and forgetting that this becomes location equation would reduce to

dependent for nonhomogeneous configurations. It is clear

that analytic solutions of the coupled d@f7) can only be n exp( _ %) “n exp( %)

discussed when simplifying assumptions help to reduce the 100 T e00 Te

mathematical complexity. This will be attempted for the

usual dusty plasma model in Sec. IV. — Ny ex;< Zde%_md%) ~0. (21)
Another way of looking at the problem is by not immedi- KTy

ately integrating the individual equations of motions but add-

ing them first, so that the Poisson’s equations can be used ifhe physical interpretation is that the electrons and ions are
tied to the charged dust by electrostatic forces. As a conse-

quence,p, becomes expressible as an algebraic function of
E naOma) V=0 o, Or vice versa. What remains of the other Poisson’s equa-
“ (18) tion will reduce to an equation g, alone when the infor-

mation from Eq.(21) is inserted. Since the dust is the only

to replace the total charge and mass densities. For strictfonstituent of the plasma mixture to feel any gravitation, that
one-dimensional states this can be integrated to obtain a gl¢2 Now the mass gets distributed. The electrons and ions fol-

; Vpa0+ Zﬂ nanGz)V(PO—'_

bal Bernoulli type result, Ic(iJWtSUit through their electrostatic coupling to the charged
ust.
2 2 To see this more clearly, it is instructive to go to a naive
1 dQDO dlﬂo . .
26\ dz —27G a7 + 2 Paol @0, th0) =E. model, that can be easily discussed throughout. We assume
0 a

that all free electrons have been accreted on the dust grains
(nego=0), that the ions are massless and the dust is so heavy
that its temperature effects can be neglected, rendering it
. _effectively cold. In other words, momentum balance for the
lent kinetic energy that is not positive definite! Unfortu—%nS Igads 0 the Boiltz_mann expression for the ion density
L . . : given in Eqg.(20), but it is now dust momentum balance that
nately, the mechanics literature is almost silent on what hap®

pens in such situations, which again shows that the incIusioFlelates the gravitational and the electrostatic potentials,

(19

of gravitation is a much more drastic change than the simple 7 e 2n
discussion of Jeans-like instabilities would lead one to be- P L L (22)
: o Po=7 ®o-
lieve. My dNdoo
IV. DUSTY PLASMAS The normalization on the electrostatic potential ¢

=epy/«T;. The Debye length, defined here through the
In order to see the implications for dusty plasmas and ajon quantities aloneh?=eqxT;/nio€?, has been used to
the same time keep some of the complications that alwaygtroduce the dust-acoustic velocity,=\pw,q. The latter
crop up in this class of problems under control, we use theypifies the dust-acoustic mod&9], the paradigm of low-
standard model for low-frequency dusty plasma phenomenasequency electrostatic modes in dusty plasmas. The two

and follow the lines of recent treatmerjts7,18. Poisson’s equationél7) thus become
The simplifications on the plasma side are that the elec-

trons and ions are massless: their inertia can be neglected ~  Zgng _
. . 292 0
because the physical phenomena occur on such a slow time ApVepo=———exd — ¢ol,
scale that instant balance is achievable between the various 10
forces. The electron and ion densities derived in Edp) 7n
now reduce to standard Boltzmann expressions as if gravita- N2.V2p,= d’do (23)
tion were absent, 4 Nioo
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Here a modified Jeans length has been defineg, 12 - - : -
=Cga/ w34, €Xpressed not with the help of the dust thermal I A2 =20 A2
but through the dust-acoustic velocity. 1SN da Di
Elimination of the dust densityy, between the two Pois-
son’s equation$23) gives a single equation for the electro-

static potentialpy,

08

0.6

(AN 3.—\3)VZpo=ext — ol (24)

0.4

On the other hand, elimination of the Laplacians determine
a simple relation between the dust and the ion densities,

Normalized particle densities

2
Nga  Nio

(29

Ngo=—7% 57 -
Kga—K% Z4 %

Consequently, the deviation from strict charge neutrality
turns out to be 2

@0

NG
Nig, (26)

Nio—ZdaNgo=— 55 Ni
Nda—AD

icle densities

indicating that at the central location there will be more
negative dust than positive ions, owing to the way the self-£ |
gravitation tends to concentrate the dust, which is opposecs
by the electrostatic coupling to the ions. Note that our results§
contradict the hypothesis that the plasma could be chargei@ °
neutral overall. This once more shows the pitfalls of simple §
minded approaches to self-gravitation. Nevertheless, the tote
charge density remains very smallNf <<\ 4,.

The solution of Eq(24) in the one-dimensional case leads
to the ion density being given by R T e T N I

206,45

Norm:

—05

z 27 FIG. 2. Density and charge distributions vs distance from the
\/5' central location, based on the solutioi2s).

Here Z is a dimensionless coordinate, defined g
=72(\3,—\2), and it has been assumed thaf;>\p,
which is the case for almost all dusty plasmas under stud
Indeed, it is straightforward to show thef /A3 = w}/ w3
is independent of the dust density but only involves the nor-

ni0= nioosecﬁ

Lest one thinks that it is the neglect of free electrons that
causes the problems with deviations from local charge neu-
trality, go back to the two Poisson’s equatidis), use Eq.
y('22) for cold dust to relatel, and ¢y, and get

malized dust charge-to-mass ratio. Except for scaling factors, eoV200=e(Neo— Nig) + Z4€Nyo »
density profiles like Eq(27) follow the same behavior as
what was obtained in the single fluid approximati@, but V2p,=47GNgoMy. (28)

with a different definition of the inhomogeneity lengths. The
charge separation is indeed strongest at the center and v
ishes at infinity, as shown in Fig. 2.

The opposite cases f;<\p Or wyg<w;q) Yield discon-
tinuities in density, showing that very heavy charged dust

@fimination of the Laplacians expresses the dust density in
function of the electron and the ion densities,

cannot be stabilized by electrostatic forces alone. This is not 2 o 2 o

_ o ®Wpg  Njp~™Neo Nda  Nio—Neo
really surprising, because the self-gravitation of the charged Ngo=— 5 ~ == o , (29
dust is now so strong that a physically acceptable configura- Wpg— @Wjqg d Nga—AD d

tion is not possible: the warm massless ions cannot counter-
balance this. Again we have here a possibility of fragmentaso that there is always a deviation from local charge neutral-
tion that merits to be treated in more detail. ity, since
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2 =5.8x10 s ! and a dust thermal velocity obyq
Neo—Nio+ZgNgo=— 55 (Njg—Neo)- (30 =3.2x10 % m/s. If the dust were neutral, this would give a
da” D length of A yg=vq/w;4=5.5X 10° km, less than half a per-

I cent of an astronomical unit.
For most dusty plasmasj<wj4 and the deviation from

> . . On the other hand, if the dust is charged as indicated, the
charge neutrality is always negative, even if small. Remarla

) . % Hust-acoustic velocity isq,=2.8X 10 2 m/s, clearly show-
that the electrons and ions need not be Boltzmann d|str|b|-ng the preponderance of the plasma pressure in rendering

the collapse of the heavy dust more difficult. The corre-
sponding length now ik y,= Cqa/w;q=4.8X 10" km, a third
of an astronomical unit.

Finally, for strictly transverse instabilities, the global Al-
fven velocity isV,=13.4 m/s, showing the even larger in-
fluence of magnetic effects in countering collapse. The cor-

hypothesis that algebraically relateg and ¢, allows a simi-
lar elimination of the Laplacians between the two Poisson’
equations, and will lead to analogous conclusions.

Charge non-neutrality will be most prominent in the cen-
tral region, which is evident from both a physical and a

parnatal gortof v, ey s w5 S e e
Y 9 Y 9 =2.3x 10" km, some 150 astronomical units, about the size

central region, and this mass gathering can only be balanc_eoq the solar heliosphere in the upstream direction, towards
by (weak dust pressure and a stronger outward electrostanﬁ,]e heliopause

pu'f},'mgﬁﬁfrga?% ;ntzl:r%g pt?;ltlgé Cct?g;tgaetiscfagtheer.aﬁiﬁ The conclusions of this simple exercise clearly point to
e N P tic potengg the interaction of the charged dust with the hotter plasma and
its first derlva_tlvedqool dz_vanlsh for physmal reasons at thg (o) a transverse magnetic field as important antagonists of
central location. Imposing thgre strict ,charge _neutrahty ravitational collapse. Of course, the rather large unreliabil-
means that from the electrostatic Poisson’s equation also t of the present interstellar data abdgharged dust cau

. . 2 . . -
second derlv_atlvei_ ¢o/dZ” vanishes, and thgn the funpho_n tions us to take the above numbers with a generous pinch of
¢o becomes identically zero everywhere. W|thoutgraV|tat|onsalt, but nevertheless the message is pointing in the right

or impos_ed inhomo_ger_leities, that is why normal plasmas C@firection, as far as our theoretical developments are con-
have uniform equilibria that are perfectly charge neutralCerned '

throughout. However, in the presence of self-gravitatign
=0 would impose that alsg, be zero, or at least equal to an
adjustable constant. This clearly is not allowed by the gravi-

tational Poisson’s equation, unless the Jeans swindle creeps To conclude, we have discussed several aspects of self-

VI. SUMMARY

in through the back door. gravitation in dusty space plasmas, when the interplay be-
tween self-gravitation and electromagnetic effects becomes
V. ASTROPHYSICAL APPLICATIONS important for heavier charged dust grains. We discussed

In th dels wh Id obtai licit vt jSome of the possible stationary states and determined the
Inti ne Tho ﬁj Vr\:] erenwie Cloﬁ tho alln exrp 'C'f tﬁna )r/ dIC? cales on which the system varies for those cases where ex-
solutions, the inhomogeneity length scales are of the orde ilicit solutions can be obtained. Surprisingly enough, the in-

e e et et et omagenety lengihs ae of e arter of the Jeans lengis
mates for the diffe,rent casgs based on nSmbers for interstei—e termined in the usual way by studying local perturbations,
’ s if the stationary state were uniform, in other words, by

laLngt cIoud|$1,2]. '_I'hese ar? dugthformatlcl)ln reglcinsf\;\r/]he(rjea plying what is called the Jeans swindle. In this sense, we
a hydrogen plasma Is presentand nence afl or part ot the du 'LI turn the argument around and use the Jeans swindle or

can be taken as ch.arged. we a§§umfa3that the interstellar dll'& al perturbation approach to find the scales over which the
has a typ!cal de_nS|ty o_rhd00= 107" m %, an av_elr?ge mass system itself is no longer homogeneous, when no explicit
for water-ice, micron-sized grains ob;=4x10"" kg and, stationary configurations can be obtained. To get a feeling for
qarrleszdzlsoo electron chqrges per grain. Th|§ equilib- possible orders of magnitude, these findings were applied to
rium charge follows from the simple primary charging mOdeIinterstellar dust clouds, where, however, the paucity of reli-

[7.8], for pliagsma temperafures dfiz:gre: 10° K. At nig able data cautions against taking the scale lengths too liter-
=5x10° m~2 and nyy,=4.85< 10> m~3, the global Debye

ally.
length is\p =70 m, obtained from\g2=\p2+\p?. There y
is thus the standard ordering between the dust grainasize
. . ACKNOWLEDGMENT
=10 ® m, the average intergrain distande-2 m related to CKNO G S
the dust density bynged®~1, and\p=70 m, so thata F. Verheest thanks the Bijzonder Onderzoeksfofidisi-
<d=\p and we can indeed speak of a dusty plasma ratheversiteit Genkt and the Fonds voor Wetenschappelijk Onder-
than charged dust in plasn@,g]. zoek(Vlaanderen for research grants. V.M. &iezacknowl-

The interstellar magnetic field is of the order 8f  edges support by the Belgian Institute for Space Aeronomy
=3x10"1T, and the dust temperature Tg=30 K. Such and by the Belgian Federal Office for Scientific, Technical,
parameters result in a dust Jeans frequency «gf;  and Cultural Affairs.
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